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Abstract 



We study the space of geometric and open string moduli of type IIB compactifications from 
the perspective of complex structure deformations of F-theory. In order to find a correspondence, 
we work in the weak coupling limit and for simplicity focus on compactifications to 6 dimensions. 
Starting from the topology of D7-branes and 07-planes, we construct the 3-cycles of the F-theory 
threefold. We achieve complete agreement between the degrees of freedom of the Weierstrass 
model and the complex structure deformations of the elliptic Calabi-Yau. All relevant quantities 
are expressed in terms of the topology of the base space, allowing us to formulate our results for 
general base spaces. 
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1 Introduction 



Type IIB flux compactifications on Calabi-Yau orientifolds with D3 and D7-branes are promising 
candidates for embedding tlie standard model of particle physics in string theory [1]. At the 
same time, they offer mechanisms for inflation, supersymmetry breaking and fine-tuning of 
the cosmological constant. The moduli of such compactifications are typically stabilized by a 
combination of fiuxes and non-perturbative effects [2-7] . Such models can also be described by 
the weak coupling limit of F-theory compactifications [8,9]. The latter have more recently been 
used to construct attractive GUT models, especially in situations where the weak coupling limit 
can not be taken [10-18]. 

From the F-theory perspective, the deformations of both D7-branes and the type IIB ori- 
entifold are part of the geometric moduli space of an elliptically fibred Calabi-Yau. To study 
fluxes in F-theory models, one can use the duality to M-theory in which four-form fluxes can be 
turned on. These four-form fiuxes correspond to both brane and bulk fiuxes in the dual type IIB 
model. Although this provides a nice way to see that brane moduli can be stabilized by fiuxes, 
it is hard to map families of elliptic Calabi-Yaus to the corresponding brane configurations. For 
recent work on the D-brane superpotential and the map between complex structure moduli of 
elliptic Calabi-Yau manifolds and the moduli of branes in F-theory, see e.g. [19-27] (for an al- 
ternative approach see [28-31]). This map has been worked out in detail for the simplest elliptic 
Calabi-Yau manifold, K3, in [32]. 

In this work we present a hands-on approach to the parameterization of the brane moduli 
space in the case of type IIB orientifold models compactified on complex surfaces. In particular, 
we find a parameterization in terms of the periods of the elliptically fibred Calabi-Yaus in the 
dual F-theory picture. 

Type IIB orientifolds with two compact complex dimensions arise from involutions acting 
on K3. Involutions of K3 have been classified by Nikulin [33-35]. The resulting base spaces B 
are Fano surfaces or (blow-ups of) Hirzebruch surfaces. The fixed point locus of the involution 
defines the 0-plane. The corresponding F-theory model is defined on the Calabi-Yau threefold 
that is constructed as an elliptic flbration over the base space B. The monodromy points of 
the fibration give the location of the branes in B and thus the motion of branes corresponds 
to complex structure deformations of the fibration, i.e. complex structure deformations of the 
threefold. Note that the branes are located on holomorphic hypersurfaces and therefore their 
positions are described by holomorphic polynomials, i.e. the branes are given by divisors. F- 
theory models on Calabi-Yau threefolds have been first discussed in [36,37]. 

By performing the weak coupling limit we can make contact with the corresponding orien- 
tifold model [9,38]. The monodromy of D-branes and 0-planes acts on the 1-cycles in the fibre 
torus. If one combines such a 1-cycle and an appropriate real surface with boundary on the 
brane (a relative- homology cycle), one can construct a non-trivial 3-cycle. The deformation of 
such 3-cycles characterizes the deformation of the corresponding branes. 

We are able to geometrically construct all 3-cycles in the way described above. We start 
at the orientifold point in moduli space, where the 0-plane coincides with four D-branes, and 
construct the 3-cycles of the threefold describing the motion of the 0-plane in the base. Then 
we move one D-brane after the other off the 0-plane and construct the emerging cycles corre- 
sponding to their motion. By counting the degrees of freedom we see that we find all 3-cycles. 
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We now give an overview of this work including the main results of each section. 

In Sect. [2] we start by investigating the recombination of branes in a small neighborhood 
around an intersection point. Geometrically, the recombination process blows up the nodal poin10 
at the intersection, which generates a 1-cycle of the recombined brane with non-vanishing size. 
This 1-cycle is the boundary of a disc: a relative 2-cycle. By fibering this disc with the 1- 
cycle of that degenerates on the boundary, these 1-cycles are shown to be in one-to-one 
correspondence to F-theory 3-cycles in the case of D-branes. In the case of 0-planes, each such 
1-cycle corresponds to two 3-cycles of the underlying F-theory threefold. The periods associated 
to these F-theory cycles determine the recombination of D-branes and 0-planes. 

We start addressing global issues in Sect. [3l For simplicity, we first restrict ourselves to the 
subset of elliptically fibred Calabi-Yau spaces Z which correspond to type IIB models at the 
orientifold point. This means that each 0-plane coincides with a stack of four D-branes. From 
the geometric point of view, the brane locus is described by a Riemannian surface T> embedded 
in the base space B. According to the analysis of Sect. [21 the 1-cycles of P correspond to 3-cycles 
of Z which parameterise the motion of the 0-plane. In particular, a self-intersection point of this 
0-plane develops if any of these 3-cycles shrinks. We will refer to these cycles as 'recombination 
cycles'. We find that, in addition to recombination cycles, there exist F-theory 3-cycles which are 
associated to the 2-cycles of the base space B of the type IIB model. Locally these cycles can be 
visualized as products of the 2-cycles in the base and a 1-cycle of the fibre. Combining them 
with the recombination cycles, we have enough periods to parameterise the complex structure of 
the type IIB orientifold model. Thus we have constructed all 3-cycles of Z which have non-zero 
volume at the orientifold point. 

A first step towards the generic situation is taken in Sect. HI First, we separate only one of the 
D-branes from the D-brane stack, leaving three D-branes on top of the 0-plane. Geometrically, 
the situation is appropriately described by two hypersurfaces of the same degree embedded in 
5, which generically intersect each other in isolated points. Fixing the 0-plane in we then 
identify loci in the base which correspond to F-theory 3-cycles. In contrast to the cycles governing 
the deformations of the 0-plane, we end up with cycles of two different kinds. The first kind 
of cycle is a relative 2-cycle stretched between a 1-cycle of the D-brane and a 1-cycle of the O- 
plane. It locally measures the distance between D-brane and 0-plane. The second kind of cycle 
is again a relative 2-cycle. By contrast to the first kind, its boundary is not formed by 1-cycles in 
D-brane and 0-plane but by two lines connecting a pair of 0-plane-D-brane intersection points. 
One may think of this 2-cycle as measuring both the distance between D-brane and 0-plane and 
the distance between two of their intersection points. 

Next, we consider more general D-brane configurations, demanding only that at least one 
D-brane remains on top of the 0-plane. In this case, D-brane deformations are still associated 
to deformations of generic hypersurfaces. To be more explicit, the D-brane locus + hx = 0, 
in the notation of [9], can be restricted to be of the form rj = hp, which yields h{hp'^ -|- x) = 0. 
This corresponds to a situation, in which one D-brane coincides with the 0-plane, but all other 
D-branes are recombined into the generic surface x' = -|- x = 0. In this case we can construct 
a complete base of H^[Z) by iteratively moving single D-branes independently off the 0-plane 
and letting them recombine at their intersection points according to the results in Sect. [2j 

In Sect. Owe finally discuss the most general case of a 'naked' 0-plane and a fully recombined 

^ At a nodal point an embedded Riemannian surface is locally described by the equation xy — Q with x,y £ C 
This gives rise to two intersecting hypersurfaces situated at x — and y = 0. 
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single D-brane. The latter can only have double intersections with the 0-plane and is hence no 
longer given by a generic hypersurface [32, 39]. We compute the number of moduli in three 
ways. First we count the number of deformations that are contained in a polynomial of the form 
rf + hx = ^ for any given base space. We show that the difference between this number and 
the number of moduli of a generic hypersurface is given by the number of double-intersection 
points. We also compute the number of moduli by describing the deformations as sections of a 
particular line bundle over the D-brane (which is a Z2-twist of the canonical bundle). Finally, 
we show that our construction yields precisely the right number of cycles to explain the degrees 
of freedom from the perspective of the elliptic threefold. 

We end this work with conclusions and an outlook on possible applications and generalization 
to compactifications to four dimensions. The appendix contains some technical details of the 
methods used in this work. 

2 Local construction 

We are interested in the recombination and displacement of 07-planes and D7-branes in complex 
two-dimensional type IIB orientifolds. In the picture given by F-theory, these moduli are encoded 
in complex structure deformations of the corresponding elliptically fibred Calabi-Yau threefold. 
As these complex structure deformations originate from 3-cycles we are interested in finding 
these. To begin our analysis, we start constructing the threefold cycles in the weak coupling 
limit locally from the topology of the D-branes and 0-planes and our knowledge of the fibration. 
In a similar fashion as in [32], we will describe these cycles as a fibration of a 1-cycle in the fibre 
over some (real) surface in the base. Instead of considering the whole threefold, we will first 
consider 07-plane/D7-brane configurations in flat space. As we know the elliptic fibration over 
these configurations, this will give a local picture of the elliptically Calabi-Yau threefold in which 
we can identify some of the 3-cycles. 

2.1 Recombination of two intersecting D7-branes 

Consider two D-branes in a complex 2-dimensional base space the intersection point of which is 
well-separated from other branes and 0-planes. This situation is described by the equation 



which factorizes into x = and y = 0. The recombination is characterized by the deformation 



after which the equation no longer factorizes. Far away from the intersection, for |x| ^ e or 
\y\ ^ e, the recombined brane is still approximated by two branes at ?/ = and x = 0. We 
take e to be real. To understand the topology of the recombined D-brane, we introduce new 
coordinates 



xy = 



(1) 



xy = 




(2) 



X = r exp ii 



y = p exp iip . 



(3) 



In these coordinates, eq.([2|) reads 



rp = 




(j) + '4' = o . 



(4) 



5 



Figure 1: The surface formed by the recombined D-brane, as described by eq. (0). The parameter 
e determines the radius of the circle that sits at the narrowest point. 




Figure 2: By taking a disc which has its boundary on a D-brane and adding the horizontal cycle 
in the fibre torus at every point, we obtain a non-trivial 3-cycle. 

The equation 



characterizes an parameterized by € [0, 27r). When vq varies between zero and infinity, 
this loop sweeps out the whole recombined D-brane. The length of this loop, which is given by 



^'''"Y^o + yWo) ' diverges when vq tends to zero or infinity, corresponding approximately to a 
circle in a brane at x = or w = 0. It takes its minimum value, 27re, for ro = 4=e. The topology 

V 2 

of the recombined brane is thus given by a 'throat' that connects two asymptotically flat regions, 
as shown in Figure [TJ 

When e — > 0, the 'minimal loop' ro = -^e collapses and eq. ([2]) factorizes, corresponding 
to two intersecting D-branes. We can now construct the 3-cycle that controls this process from 
the F-theory point of view: We recall that, over every point of the four-dimensional base space 
in which the brane is embedded, we have a torus fibre and that the (l,0)-cycle of this torus 
shrinks at the D7-brane locus. Consider a disc in the base space the boundary of which is the 
1-cycle of the D7-brane world volume discussed above (e.g. with ro = The relevant 3- 

cycle is obtained by taking the (l,0)-cycle of the fibre torus at every point of this disc. This is 
illustrated in Figure [2j One easily convinces oneself that this cycle is a 3-sphere. It is obvious 
from the above that the volume of this 3-cycle, divided by the square root of the fibre volume 



r = 



(5) 
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to keep it finite in the F-theory limit, characterizes the recombination process 



2.2 Recombination of two intersecting 07-planes 

In the following we will locally construct 3-cycles in F-theory that correspond to the movement of 
0-planes in its Type IIB dual. In order to simplify the monodromy structure, we will consider the 
(singular) case of four D-branes coinciding with the 0-plane. In this way, the only monodromy 
appearing is an involution of the fibre torus. 

The recombination of two 07-planes is described by the same equation ([2]) as in the D7- 
brane case. Thus two recombined 07-planes will also form a surface which contains a throat 
supporting a circle of minimal circumference. 

To describe the cycle that controls the recombination of the 07-plane, let us first recall its 
construction in the case of a complex one-dimensional base space. In this case, the 0-planes are 
merely points in the base. We can construct a non-trivial cycle by taking a loop that circles two 
0-planes, together with an arbitrary component in the fibre. As is shown in Figure O we can 
collapse this cycle to a line that starts at one of the 0-planes and ends at the other one. 

Keeping the construction in the case of a complex one-dimensional base in mind, we can 
repeat the construction done for the D-brane: we take a disc ending on the 0-plane in the base 
and one of the two fibres in Figure [3] to construct a 3-cycle. Just as in the D-brane case, the size 
of this cycle will describe the recombination process of two intersecting 0-planes. 

3 F-Theory models at the orientifold point 

In the following, we discuss F-theory compactifications on elliptic threefolds that can be con- 
structed as orientifolds. In particular, we demand that all D-branes coincide with the 0-plane 
in this section. We are going to describe these models from several perspectives, summarized in 
Figure [H 

3.1 The type IIB perspective 

Let us start with the well-known type IIB perspective. Besides the various form-fields, the moduli 
space of type IIB on K'i contains the geometrical moduli space of K'i and the complexified string 
coupling, also known as the axiodilaton (see e.g. [40]). The geometric moduli can be elegantly 
described as the rotations of a three-plane of positive norm inside H^{K3). The three positive- 
norm vectors that span this three-plane can then be used to construct the Kahler form J and 
the holomorphic two-form fi^^'"). As is common for Calabi-Yau threefolds, the geometric moduli 
of K3 can then be mapped to Kahler and complex structure deformations. 

Apart from the inner parity of the various degrees of freedom coming from the involution of 
the world-sheet, orientifolding includes an involution l of space-time. Furthermore, this involution 
has to map the holomorphic two-form 0,^'^'^^ to minus itself, so that the quotient space B is not 

^The F-theory limit of M-theory is characterized by the hmit of zero size of the elhptic fibre. Since the complex 
structure moduli of the threefold should be independent of the size of this 2-cycle, we have to rescale the volume 
of 3-cycles by appropriate powers of its size. 
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Figure 3: 0-planes in a complex two-dimensional base give rise to cycles that have an arbitrary 
component in the fibre and encircle the positions of the two 0-planes. As shown in the figure, one 
can subsequently deform these cycles so that their base component becomes a line connecting the 
two 0-planes. As the fibre component changes its orientation upon circling one of the 0-planes, 
the fibre component of the resulting line is twice that of the original loop. 



Calabi-Yau. Involutions of this kind are known as non-symplectic in the mathematics hterature 
and have been classified by Nikulin [35]. We have summarized the main results in Appendix iBl 
The classification of non-symplectic involutions of K3 implies that B is rational, so that it is 
a del Pezzo surface dPi, a Hirzebruch surface F^, or a blow-up of a Hirzebruch surface. For a 
short review of rational surfaces see Appendix lAl The mapping between type IIB orientifolds 
and the base space of the corresponding F-theory model has recently been discussed in detail 
in [41,42]. 

Under the action of l, the cohomology groups of K3 decompose into eigenspaces: 

H^P'i) {K3) = H^^'"^ {K3) e H^''^^ {K3) . (6) 

The geometric moduli of this orientifold model were discussed in detail in [43]. The complex 
structure deformations that are compatible with l are in one-to-one correspondence with el- 
ements of H^'^\x). As the Kiihler form of K3 is even under l, compatible Kiihler defor- 
mations can be parameterized by H^'^\K3). Since i is a non-symplectic involution, we have 
H^^'^\K3) = Hl{K3) ~ H+{K3) = H^{B). 

The fixed point locus of l is the orientifold plane O. It is given by the vanishing locus of a 
section of [—2Kb\, where [Kb] denotes the canonical bundleo of the base space [38]. In other 

^For a divisor D we denote the corresponding line bundle by [D\. 
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Z = {K3x r2)/Z2 



Kahler moduli 

h^{Z) =hl{K3) + h^{T'') 

complex structure moduli 
i(fe3(^)-2) 

= i(ft^(A'3)-/i^(r2)-2) 
= h'-y>{K3) + 1 



lifted 

Orientifold projection 



K3 X r2 



geometric moduli space 
of K3 

geometric moduli space 
of T'^ 



F-theory - Type IIB 
description 



adding a 
trivial elliptic fibre 



base B = K3/Z2 



Kahler moduli 

h^{B) = hl{K3) 

deformations 

of the 0-plane = h^J:''^\K3) 
axiodilaton 



Orientifold projection 



K3 



geometric moduli space 
of K3 
axiodilaton 



Figure 4: Type IIB orientifolds of K3 may be described by F-theory on Z = {K3 x T^)/Z2. 
The complex structure deformations of Z correspond to deformations of the 0-plane and the 
axiodilaton. 
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words, the 0-plane is equivalent to —2Kb as a divisor. This is necessary to ensure that the 
double cover is a Calabi-Yau space. To cancel the D7-brane charge, the homology class of all the 
D-branes has to equal four times the homology class of the 0-plane. In this section we choose 
to align four D-branes with the 0-plane. The only geometric deformations of this configuration 
are hence given by the Kahler deformations of the base and the deformations of the 0-plane. 
These must be equivalent to the deformations of K'i compatible with the orientifolding. 

Let us illustrate this in the simple example of -B = CP^. The sections of {—2K£p2\ are given 
by homogeneous polynomials of degree 6. We can count the degrees of freedom that correspond 
to deformations of this polynomial: there are 28 independent monomials and hence 28 complex 
coefficients. One of these can be set to unity by an overall rescaling. In addition, the embedding 
of O in CP^ is only defined up to automorphisms of CP^. This automorphism group is complex 
8-dimensional (see Appendix [C]), eliminating 8 degrees of freedom. We thus end up with 19 
complex degrees of freedom. As 62(CP^) = 1, we find that h^^'^^ = 19, giving the right number 
of degrees of freedom. We have collected some more examples in Table [T] at the end of the present 
section. 

3.2 Deformations of the O-plane 

Deformations of a Riemannian surface, such as the 0-plane O, are given by holomorphic sections 
of its normal bundle [Nq\^q\. The dimension of the space of holomorphic sections of [^Vq^^] is 
commonly denoted by h^{No\B)- 

A Riemannian surface, such as the 0-plane, has 3g{0) — 3 complex structure deformations. 
Let us explain why this is also the number of deformations in the embedding. Prom the adjunction 
formula we have Kq = No\b + Kb^ As O is linearly equivalent to —2Kb, we have Nq^^ = 
—2Kb and thus find Nq\^^ = 2Ko- Serre's duality then tells us that 

H^'iNoyB) = H\2Ko) = H\ToY , (7) 

in other words we find 

h\No\B) = ^9{0)-2> . (8) 
For later convenience, we show how to derive ([8]) using the Riemann-Roch-Theorem [44] 

h\No\B) = h\Ko - No\b) + deg No\b " g{0) + 1 (9) 

where Kq is the canonical divisor of O and g{0) the genus of O. The degree of a line bundle L 
is the number of zeros of a generic section of L. If deg No\b > deg Kq = 2g{0) — 2 it follows 
that h?{Ko — Nq\^q) = 0. In this case 

h\No\B) = deg No\B - 9{0) + 1. (10) 

Since a section of the normal bundle [-/Vq^^] is nothing but a deformation of the Riemannian 
surface, deg No\b is just the self-intersection number of O. As O is linearly equivalent to —2Kb, 
we find that its self-intersections number is O • O = 4:Kb ■ Kb- Furthermore, we find from 
Kq = —Kb the Euler characteristic of O to be xo = ^o\B ' = Hence we obtain 

deg No\B = ^Kb ■ Kb = -2xo = MO) - 4 > 2g{0) - 2 for g{0) > 2 . (11) 
^Here and in the following the restriction of Kb to O is implicit. 
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Thus the requirement for Eq. (jlOp is satisfied and we find 

So far, we have neglected the fact that some deformations of the 0-plane are equivalent 
to applying an automorphism A € Aut{B) of the base B and as such do not represent valid 
complex degrees of freedom. Thus the number of deformations of the 0-plane, Def O, is given 
by 

dime DefO = 3g — 3 — dime aut^ , (12) 

where aut^ denotes the Lie-algebra of Aut{B). In the case of a toric variety, this quantity can 
be found by the procedure explained in Appendix O 



3.3 F-theory perspective 

Having discussed the moduli from the type IIB perspective, we now turn to the F-theory de- 
scription of the same situation. Since we have taken all D-branes to be aligned with the 0-plane, 
the axiodilaton is constant along B. The corresponding F-theory description thus must be such 
that the complex structure of the elliptic fibre is constant. Before orientifolding, there are no 
5L(2,Z) monodromies and the F-theory threefold is simply the product K3 x T^. The orien- 
tifolding introduces a monodromy that acts as an involution on the fibre T^. It occurs upon 
encircling the 0-plane locus. We can describe this situation by lifting the involution i to an 
involution 1 on K3 x by defining 

l{x,z) = {lx,—z) , (13) 

where x £ X and and z G T'^. Modding out 1 yields the F-theory compactification on Z = 
{K3 X r2)/Z2. 

The homology groups of K3 x are 

Hi{K3 X T^) = Hi{T^) , 

H2iK3 X t2) = H2{K3) H2iT^) , 

Hs{K3 X r2) = H2iK3) <S) Hi{T'^) , 

since Hi{K3) = 0. Keeping the cycles even under Z yields the homology of Z: 

H2{Z) = H+{K3)®H2{T^) , 

H^{Z) = H^{K3)(SHi{T^) . (14) 

F-theory on Z emerges from M-theory on the same manifold in the limit of vanishing fibre 
size. The geometric moduli of M-theory on Z are deformations oi X x that respect the Z2 
action. Hence the Kahler and complex structure deformations of Z are linked to even cycles of 
K3 X r^. The Kahler moduli of B and the volume of the elliptic fibre become the Kahler moduli 
of Z. As the fibre size tends to zero in the F-theory limit, it does not give rise to a physical 
modulus in F-theory, so that we find the same number of Kahler moduli as for the iC3-orientifold 
B. 

The 3-cycles of Z originate from the odd 2-cycles of K3. The number of complex structure 
moduli, dime ■Ad'^^ , of a Calabi-Yau space is given by the number /i^^'^) = i (f)3 _ 2) [45]. If we 
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choose a symplectic basis {A"", Bb), the complex structure moduh space is locahy parameterized 
by the /i^^'^) independent periods: 

z" = [ n, Ub{z) = [ n , (15) 

where Vt is the holomorphic 3-form. In the present case, we only consider complex structure 
deformations that do not destroy the structure Z = [K?, x r^)/Z2 (by resolving the orbifold 
singularities, for instance). We can think of this restriction as fixing a number of periods. The 
relation between complex structure deformations and 6^, dime A^*"""^ ~ ~ ^) thus holds for 
an orbifold like Z as well. 

In the present case we find that 

dime = ^ (6=^ {Z) - 2) = ^ {2hl {K3) -2)=bl (KS) - 1 . (16) 

As the holomorphic two-form of K3 and its complex conjugate are always odd for the involutions 
considered we have b'i{K3) = h^]:''^\K3) + 2, so that we find 

dime TWf ^ = h^y^ {K3) + 1 . (17) 

In F-theory, the present situation is described by an elliptic threefold in which there is a D4 
singularity along a curve that is equivalent to —2Kb- This curve is the location of the 0-plane. 
The complex structure deformations of the threefold that preserve the singularity structure 
correspond to deformations of the 0-plane and the value of the axiodilaton. This is expressed 
in ()17p : the number of complex structure deformations equals the number of deformations of the 
0-plane, /i^'^^(i^3), plus one. This fits nicely with the aforementioned result that deformations 
of the double cover K3 compatible with the orientifold involution originate from cycles of K3 
that are odd under the orientifold involution. 

There is a subtle point worth mentioning here. In the present case, Z has four Ai singularities 
along the location of the 0-plane. The manifold constructed from the Weierstrass model that 
corresponds to the orientifold B has however a D4 singularity over the location of the 0-plane. 
Even though for both the fibre torus undergoes the same monodromies [46], they give rise to 
different physics for compactifications of M-theory. However, in the F-theory limit both manifolds 
coincide, as they are connected by blow-ups and blow-downs of the singular fibres, leading to 
the same type IIB model. See [47] for a recent discussion of this and related issues. 

3.4 3-cycles at the orientifold point 

In the following, we will discuss how the 3-cycles of Z emerge from the topology of the 0-plane. 
Let us first return to the example of B = CP^. In this case the 0-plane locus has 19 deformations, 
so that we expect the corresponding threefold to have 20 complex structure moduli yielding 42 
independent 3-cycles. 

The local construction of F-theory 3-cycles from the 0-plane topology, presented in Sec- 
tion 12.21 suggests that we obtain two F-theory cycles for each 1-cycle of the 0-plane O. Since 
dimffi(O) = 2g{0), where g{0) is the genus of O, we expect 4g(0) F-theory 3-cycles. As men- 
tioned before, O is given by a defining polynomial h of degree 6 in the CP^ case, yielding a 
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surface B 


dPo 




dP2 




Fo 


F2 


9{0) 


10 


9 


8 


7 


9 


9 


h2{B) 


1 


2 


3 


4 


2 


2 




19 


18 


17 


16 


18 


17 


dimc Def(O) 


19 


18 


17 


16 


18 


17 


h^{Z) = + 4 


42 


40 


38 


36 


40 


38 


Ag{0) + 2h2{B)-Ak 


42 


40 


38 


36 


40 


40 



Table 1: As discussed in the main text, the moduh of type IIB orientifold models on K3 can be 
described in different ways, see also Figure [31 This table contains some numerical examples for 
simple base spaces B. The calculation of the appearing quantities is explained in the text. Note 
that dPo = CP^ Fo = CP^ x CP^ and dPi = Fi. 

curve of genus g{0) = 10. We thus obtain 40 cycles in H-i[Z) instead of 42. However, from the 
global point of view there is exactly one other cycle that could be lifted to a F-theory 3-cycle, 
namely the cycle corresponding to the hyperplane divisor H of CP^. Naively, we can add a leg 
with two possible orientations in the fibre to H so that the lift yields two extra cycles. Including 
these, we get the right number of 42 cycles. We have collected some more examples in Table [TJ 

There is one potential difficulty to this construction. The hyperplane divisor will generically 
intersect the 0-plane O. Since the fibre degenerates on O it is not a priori clear how to lift H 
properly. As it will become clear later on, H can indeed be lifted to an F-theory cycle but for 
now this remains a conjecture motivated by the counting. 

It is now natural to conjecture that for any base space B, the number of non-degenerate 
cycles in H^{Z) is given by 

h^{Z) = Ag{0)+2b2{B) . (18) 

The Lefschetz fixed point theorem [44] allows us to relate the topology of the 0-plane to 
the topology of Z in the general case. For a K2> surface it reads 

2 + 6+(X)-62 W = X(0) ■ (19) 

From this is follows directly that 

h^{Z) = 2b~{K3) = 4 - 2x(0) + 26+(i^3) . (20) 

On the other hand, we know that the fixed point locus is given by the disjoint union of a curve 
of genus g and k spheres [35], see also Appendix iBl Thus we have 

x{0) = 2-2g + 2k , (21) 

which yields 

b3{Z) = Ag + 2b2{B)-Ak . (22) 

This equation can also be derived directly using (|70|) . For the cases in which the 0-plane is given 
by a single smooth complex surface we have k = 0, so that ([TH]) indeed holds. Note that this is 
the case in the example oi B = CP^ discussed before. 

The results for different surfaces are given in Table [TJ It is interesting to note that in the 
case of F2 the degrees of freedom in the type IIB picture do not fit the number of complex 
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structure moduli in the F-theory picture. Indeed, in this case one can show that there is one 
complex structure deformation of the Calabi-Yau threefold which is not realized as a polynomial 
deformation of the Weierstrass model (see e.g. [48] for a discussion of this phenomenon in the 
physics literature). 

It is nice to see that (|22p is invariant under blow-ups of the base: As 

Ko = Kb + = -Kb , (23) 

we deduce the Euler characteristic of O to be 

X{0) = -Ko ■ O = -2{-Kb) ■ {-Kb) ■ (24) 

Now consider the blow-up tt : B ^ B at a generic point u (z B. This means we add an exceptional 
divisor E so that b'^{B) = b'^{B) + 1. The behavior of the anticanonical divisor under blow-ups 
is [44] 

-K^ = t^*{-Kb) - (dime B - l)E = -Kb - E . (25) 
The exceptional divisor can always be chosen to satisfy [49] 

E"^ = -l E • Ti = for aU toric divisors Ti G Div(S) . (26) 

In particular, this implies —Kb • = 0. It is now straight forward to determine the Euler 
characteristic of O: 

X{d) = -2 {-Kb - E) ■ {-Kb - E) = x{0) + 2 . (27) 

Since the Euler characteristic is given by the relation x = 2 — 2g + 2k, eq. (j27p implies that 
g — k^g — k — 1 under blow-ups of B at generic points. We thus need to show that 63 (Z) — > 
63 (Z) — 2 under blow-ups of the base. As 63 + is fixed and the blow-up increases 6^ by one, 
62 nuist decrease accordingly. Hence we find 63 (.Z') — > 63 (.Z^) — 2, so that eq. ()22p remains valid. 

Formula (|22p can be given a further interpretation in terms of the double cover K3. Let us 
start with the case k = and consider a 1-cycle of the 0-plane. This 1-cycle is trivial inside the 
base. Thus, there exists a real disk in the base whose boundary coincides with this 1-cycle. If we 
now go to the double cover, we end up with two disks that are glued together at their boundary, 
which is located at the 1-cycle of the 0-plane. This gives rise to a two-sphere on K3 which is a 
non-trivial 2-cycle since the corresponding 0-plane 1-cycle was non-trivial. Clearly, this 2-cycle 
is odd under the involution on K3 since the involution changes the orientation of the 2-cycle. 
When we add the fibre, each combination of this 2-cycle with a 1-cycle in the fibre gives rise to 
a 3-cycle in the threefold. Hence, we get twice as many 3-cycles on the threefold as there are 1- 
cycles on the 0-plane, i.e. 2g many. This construction is a further motivation for the cycles that 
were constructed locally in Section 12.21 If one builds the double cover of branched along the 
vanishing locus of an equation of the form ([2]) one finds the space C'^/Z2 blown up at the origin. 
The exceptional cycle of this blow-up is an odd 2-cycle under the orientifold projection. Its image 
under the orientifold projection yields precisely the base part of the 3-cycle that controls the 
0-plane motion in F-theory. 

Let us now turn to the contribution coming from H2{B, Z) and consider a 2-cycle of B. Recall 
that H2{B,Z) = H2 + {K3,Z). Since we assumed A: = 0, we have H2 + {K3,Z)* /H2 + {K3,Z) = 
Zg, cf. Appendix[Bl and every basis 2-cycle of H2 + {K3, Z) can be understood as the sum of two 
(maybe intersecting) basis 2-cycles of H2{K3,'L) that are exchanged by the involution. Then, 
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the difference of these basis 2-cycles gives an element in H2-{K3, Z), which can be combined on 
K3 X with one of the fibre 1-cycles to build an even 3-cycle that descends to the threefold. 
By this we obtain two 3-cycles of the threefold for each 2-cycle in B. This explains the second 
contribution in (jlSp . For k = 0, we have a = 62 

Now let us discuss the case of nonzero k. This means that we now additionally have k non- 
trivial rigid two-spheres in B that are part of the fix point locus, i.e. which are filled out by the 
0-plane. Let us consider one of them. Clearly, this cycle has only one pre-image in K3, which 
is left fixed by and thus even under the involution map. Furthermore, we can write ()70p as 

b^{K3) = r = a + 2k (28) 

so that it follows that there must be a second even cycle for any fixed S'^ . All of these cycles do 
not lead to any 3-cycle on the threefold and do not contribute to (fTH]) . As the quantities r,a,g 
and k are actually not independent, but related by ([70]) . we find ([22j) . 

Note that from this discussion we see that we can decompose the second cohomology class 
H2{K3,Z) of K3 into three parts, corresponding to 

• k spheres consisting of fix points plus k further cycles, all of them being even under the 
involution, 

• 2a pairs of cycles which are interchanged 

• 2g spheres which are invariant up to an orientation reversal. 

The fact that these cycles give the correct number of 2-cycles of K3, i.e. 

2k + 2a + 2g = 22 (29) 

follows directly from ()70p . 



4 D7-branes without obstructions 

4.1 Pulling a single D-brane off the orientifold plane 

In this section we now want to leave the orientifold point by moving one D-brane off the 0-plane. 
The most general form of the hypersurface "D which is the position of the D-branes is given by [9] 

V: rf + 12hx = , (30) 

where h,r] and x ^re sections in [— 2^Cb], [— 4^Cb] and [— G-fCe]) respectively. We will call a D7- 
brane described by an equation of the form above a generic allowed D7-brane. Note that the 
equation h = describes the position of the 0-plane O. At the orientifold point, the 0-plane 
coincides with four D-branes, so that rj = and x = h'^ aiid Eq. (j30p reads 

V: = . (31) 

We can now vary the sections r] and x order to deform the D-branes. Choosing -q = h? and 
X = j2^^P^ where p is a section in [—2Kb], then yields 

V : h^{h+p)=0. (32) 
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0-plane 



D-brane 



0-plane 



D-brane 



Figure 5: A possible representative of cycles determining the distance between O-plane and 
D-brane in the case of F-theory compactified on K3 is given by a loop that starts and ends 
at a D-brane and encircles the 0-plane. When deforming it, it looks line a line connecting the 
D-brane to the 0-plane that has twice the horizontal cycle of the fibre torus as its component 
in the T'^-fibre. 

The surface P consists of four components: three D-branes still coincide with O while one is 
deformed and thus separated from the 0-plane. The deformation is given by the generic section 
p which is of the same degree as h. This fits nicely with the fact that infinitesimal deformations 
of a surface correspond to sections in the normal bundle of O C -B. 

Let us first return to the example of CP^. We can count the number of deformations of the 
single D-brane that is moved off the 0-plane by counting the monomials of p and subtracting the 
one complex degree of freedom of overall rescalings. Note that fixing the 0-plane in B generically 
breaks the automorphism group of B completely and thus its dimension does not reduce the 
number of degrees of freedom. In the present case, p will be a homogeneous polynomial of degree 
6 yielding ^(6 + 1)(7 -|- 1) — 1 = 27 complex degrees of freedom. 

The number of deformations can also be obtained by analysing sections in the normal bundle 
of the D-brane. As the D-brane we are considering is linearly equivalent to [—2Kb], the analysis 
of the previous section leading to Eq. ([8]) applies. As the genus of the D7-brane is given by 10 in 
the case of -B = CP^, we can immediately confirm that the number of deformations is given by 
27. Following an argument similar to the one presented in Section [3.31 we thus expect to find 54 
2-cycles that govern the displacement of a single D-brane that is equivalent to [—2X5] from the 
0-plane in CP^. It is clear that a similar computation can be performed for other base spaces. 



4.1.1 3-cycles between O-plane and D-brane 

We now construct the 3-cycles that describe the process of moving a single D-brane off the O- 
plane. Let us first discuss the analogue of these cycles for F-theory compactified on K3, where 
O-plane and D-brane are points rather than complex lines. We can link the two by a path that 
begins at the D-brane, encircles the O-plane and then ends at the same D-brane. To construct 
a 2-cycle, we add the horizontal fibre to every point of this curve, see Figure [5l 

The existence of this cycle can also be demonstrated by the following argument: two D- 
branes in the vicinity of an O-plane can be connected by a cycle in two ways: the cycle can pass 
the O-plane on one side or the other [32]. We can find a cycle that connects just one of the two 
D-branes to the O-plane by forming the sum (or difference) of these two cycles. The resulting 
cycle has self-intersection number —4 and can be deformed to any of the two representatives 
discussed in Figure El 
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D-brane 



0-plane 



Figure 6: A 2-dimensional cut through the relative 2-cycle Ci of type II. Note that C is in fact 
a half sphere surrounding the intersections Pi and P2. 

Coming back to F-theory compactified on an elliptically fibred Calabi-Yau threefold, we can 
generalize this construction as follows. We choose a 1-cycle A € Hi{T>) of the D-brane and a 
representative A C D. Since we are considering the case in which the D-brane has the same 
topology as the 0-plane, we can find a corresponding cycle and representative on the 0-pIane 
that coincides with A when D-brane and 0-plane are on top of each other. Now we apply the 
above construction to every point p A. In other words, we fiber A with the 2-cycles of Figure 
[5l In this way we obtain 2g('D) 3-cycles that measures the distance between the D-brane and 
the 0-plane. 



4.1.2 3-cycles from intersections between D-brane and O-plane 

Another type of cycle can be constructed as follows. Consider two intersection points Pi and P2 
of the D-brane with the 0-plane (see Figure ED . Since "D is connected, we can find a loop / C V 
that surrounds both intersection points. This immediately implies that / can only be contracted 
if Pi coincides with P2 . We know from Section [2] that the disc in B the boundary of which is I 
can be lifted to a 3-cycle in the threefold Z. Indeed, we again fiber the 1-cycle of the torus that 
degenerates at the D-brane over the disk. This 3-cycle cannot be contracted due to the presence 
of the 0-plane. The involution on the fibre which is part of the monodromy of the 0-plane 
prevents the disk from passing through the 0-plane position - the fibre will simply be ill-defined 
if the disk intersects the 0-plane. Clearly, this 3-cycle has again the topology of a three-sphere 
and its volume is proportional to the distance between the intersection points with the 0-plane. 
We can understand this 3-cycle also in another way. We can fiber the K3 2-cycle of Figure [5] 
over the line on the D-brane that connects the two intersection points with the 0-plane. 

Let us now count the number of independent cycles that can be constructed in this way. 
Suppose there are / intersection points Pi on V. Let Q be a disc such that dCi = /j is a loop 
on V which surrounds the intersection points Pi and Pj+i. The boundaries dCi are elements of 
the first homology group of the D-brane with the 0-plane cut out, \ P R O). Note that Ci 

and Ci^i will generically intersect only in (two) points that are located on the D-brane world 
volume since the D-brane and the cycles have codimension two (cf. Figure [7|) . This yields / such 
loop^ and each loop gives a relative 2-cycle Ci. The / cycles we construct in this way are not 

^We identify i = I + 1 with i = 1. 
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X X 



Figure 7: Boundaries dCi and intersection points with th 0-plane X in T>. 
linearly independent. We can construct the union 

2 

C7 = IJ C2i+i . (33) 

1=0 

The boundary dC of the relative 2-cycle C surrounds all intersection points on P except for 
and Pi. Since D is compact, this is equivalent to saying that dC surrounds just Pi-i and 
Pi. Thus, C is relatively homologous to C/_i and hence C/_i is not independent of the others. 
In the previous argument we just used half of the Cj, namely those where i is odd. We showed 
that one cycle can be expressed as a linear combination of the others. The same argument goes 
through for the complementary subset of Ci where i is even. Having constructed / 2-cycles Cj, 
we are now left with 1 — 2 independent F-theory 3-cycles. This is illustrated in Fig. [71 

Putting everything together, the number of 3-cycles we obtain by the constructions presented 
is 2g['D)+I —2. As discussed before, the intersection number / of D-brane and 0-plane is nothing 
but the self-intersection number of O. From Eq. (jlip we thus know that / = 45f(0) — 4. Adding the 
2g{0) cycles coming from the 1-cycles of the D-brane and the 1—2 = Ag[0)—Q cycles coming from 
the intersections with the 0-plane, we arrive at the total number of 2g{0) + I — 2 = 2[2>g{0) — 2>). 
These cycles determine the infinitesimal separation of the D-brane from the 0-plane. This fits 
exactly with the number of general deformations of Riemann surfaces obtained before. We 
conclude that the union of both kinds of 3-cycles parameterize the location of the D-brane. 

Coming back to the example oi B = CP^, we find that g{T>) = 10 and / = 36, so that we 
can construct 54 cycles. This precisely fits the expectation expressed at the beginning of this 
section. 

4.2 More general configurations 

We now want to generalized the discussion to the case of multiple D-branes separated from the 
0-plane. When we move multiple branes off the 0-plane and let them recombine, we can no 
longer describe the resulting D-brane locus in terms of sections in the normal bundle of the 
0-plane. Furthermore the worldvolume of the D-brane will in general be no longer be a generic 
hypersurface as it is forced to have double intersections with the 0-plane [32,39]. Namely, T> is 
given by Eq. ()30p . However, the D-brane curve will still be a generic hypersurface if we consider 
one of the following configurations: 

i) We leave one D-brane on the 0-plane. This corresponds to choosing 77 = hp, where p is a 
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section in [—2Kb\- This yields 

V : h {hp'^ + 12x) = 0. (34) 

^ V ' 

=x' 

Since x is generic, x' is- Note that x' is a section in [— GETs] and therefore describes three 
recombined D-branes genericahy not coinciding with the 0-plane. The resulting D-brane 
locus is appropriately described by a generic hypersurface in B, the zero locus of x'l as 
required. The polynomial h shows that one D-branes still sits on the 0-plane. 

ii) We move all D-branes in stacks of two. This case corresponds to the choice x = so that 
the D-brane is described by 77^ = and hence a generic section in [— 4irB]- 

In this section we analyse configurations in which the D-brane degrees of freedom are as- 
sociated to the deformation moduli of a generic hypersurface of lower degree. For the whole 
analysis, we completely fix the 0-plane and focus on the D-brane degrees of freedom. 

We start again with the example where CP^ is the base space and analyse the general case 
afterwards. Assume that in addition to the 0-plane we have a D-brane that is linearly equivalent 
to [—ItjiKb], i.e. whose locus in B is described by the vanishing of a homogeneous polynomial of 
degree n = 6m. Due to the D7 tadpole cancellation condition, this means that 4 — m D-branes 
still coincide with the 0-plane. As the presence of the 0-plane generically breaks the whole 
automorphism group of CP^, this D7-brane has 

i(n + l)(n + 2)-l (35) 

complex degrees of freedom. 

In the last section we found that a D7-brane that is equivalent to [—27^^^] has g{T>) + | — 1 
complex degrees of freedom and gives rise to 2g{T>) + 1 — 2 3-cycles in the threefold. In the 
remainder of this section, we show that this statement holds for any D7-brane that is equivalent 
to [—2mKB] for any m. The reader primarily interested in results may wish to skip the rest of 
this section and continue with Section [5l 

Let us now try to find an analog of Eq. (j35p for an arbitrary base space B. We will formulate 
all relevant quantities in terms of the self-intersection of the anti-canonical divisor of the base, 
{—Kb) ■ {—Kb) = Sb- For any F-theory model, the worldvolume of the 0-plane is equivalent 
to the divisor —2Kb- We consider the situation with m recombined D-branes V and 4 — ?n D- 
branes coinciding with the 0-plane. In order to apply the Riemann-Roch Theorem, cf. Eq. (jlOp . 
we need to know the degree of the canonical divisor of T>, denoted by Kj). It is given by 

deg Kjy = 2g{V) - 2. (36) 

The Euler characteristic of T) is 

X{V) = [-Kb + 2mKB] ■ [-2mKB] = -2m{2m - 1)Sb , (37) 
so that the genus is given by 

g{V) = m{2m - 1)Sb + 1 . (38) 
Thus we find the degree of i^x) to be 

deg Kd = 2m{2m - 1)Sb ■ (39) 
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The self-intersection number of P is deg N-d = {Imf'SB, so that the condition deg Kx> < deg Nx> 
is satisfied. Hence we can use Eq. (jlOp to find the number of vahd deformations: 

/lO(iV^) = {2mfSB - m{2m - 1)Sb = m{2m + 1)Sb 

I (40) 
= 1 + m{2m - 1)Sb + 2mSB - 1 = g{V) + 2 ~ ^ • 

In the last line we have used that the number of intersections between the D-brane and the 
0-plane is 

I = ^{Or\V) = {-2Kb) ■ {-2mKB) = ^uiSb ■ (41) 

We thus expect to find 2g + I — 2 3-cycles that govern the deformation of the D-brane locus. 

From the relation derived in the last paragraph it is clear how the 3-cycles that control the 
motion of a D-brane arise: On the one hand, we can build a 3-cycle from every 1-cycle of the 
D-brane, using the construction given in Section 12. 1[ On the other hand, we can build cycles 
that measure the distance between intersections of the D-brane with the 0-plane, as discussed 
in Section [4.1.11 

This can also be understood from the perspective of the K2> double cover as we now explain 
qualitatively. It is known that for a smooth D-brane in the double cover, i.e. one that does 
not have double intersections with the 0-plane, the deformations are given by 1-cycles of the 
D-brane that are odd under the involution [50]. As this is the situation discussed in this section, 
we should be able to link the 3-cycles we have constructed to odd 1-cycles of the D-brane in the 
double cover. 

A 1-cycle of a D-brane T> in B that has been moved off the 0-plane generically does not 
intersect the 0-plane. Furthermore, we can always deform the 1-cycle such that its winding 
number is zero with respect to the 0-plane. Therefore, this 1-cycle has two pre-images in the 
double cover K3 which are interchanged by the involution. The sum of both is even under 
the involution and therefore descends to the 1-cycle of V we started with. The difference of 
both, however, is odd under the projection and should refer to a deformation of the D-brane. 
This suggests a fact already discussed: 1-cycles of V are related to 3-cycles of the Calabi-Yau 
threefold. Furthermore, we can consider a line on D connecting two intersection points of V 
with the 0-plane and go to the double cover K3. This line then becomes two lines joined at 
their end points, i.e. a non-trivial closed 1-cycle on the double cover D-brane that is odd under 
the involution. Thus, there should be a second kind of 3-cycles which are closely related to 
the intersections of the D-brane with the 0-plane, supporting our claim that we can construct 
3-cycles from intersections between the D-brane and the 0-plane. 

As the intersections between 0-plane and D-brane are points on a complex curve, one naively 
expects each intersection point to correspond to a complex degree of freedom. From the relation 
between moduli and 3-cycles it follows that there should roughly be 21 3-cycles that stem from 
intersection points between D-brane and 0-plane. This is, however, not the case, as we only 
found half of that. As we explain in Appendix[El a more detailed analysis using Abel's theorem 
reveals constraints which reduce the number of deformations of the intersection points. 

Compared to Section 14. H our cycle analysis is complicated by the fact that the 0-plane can 
in principle pierce a disc that ends on a l-cyclelf] The monodromy of the 0-plane then prevents 

^ As we will discuss in more detail later, this is ultimately related to the structure of branch cuts on the D-brane 
when building the double cover. 
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the construction of a 3-cycle as its fibre part is transformed to a different cycle upon encircling 
the 0-plane locus. To tell if we can find a disc that ends on a given loop on the D-brane and 
does not intersect the 0-plane, we need to check that the winding number of this loop around 
the 0-plane vanishes. We can define the winding number on the first homology of the D7-brane 
with the intersection points with the 0-plane cut out, Hi[T),0 fl P), and then project to the 
subspace of zero winding number. Since Hi{'D, O r)T>) has the dimension 2g + I — 1 and there 
are elements of Hi{'D,0 H V) that have a non-zero winding number, this projection leads to 
a subspace of dimension 2g + I — 2, i.e. we find 2g + I — 2 independent cycles we can use to 
construct non-trivial 3-cycles of the elliptic fibration. This reproduces the result that is expected 
from an analysis of the degrees of freedom of a D-brane. 

Let us again come back to the example of CP^. In this case one easily finds the numbers 
g{V) = (n - l)(n - 2)/2 and / = 6n, so that 

^(n - l)(n - 2) + 3n - 1 = ^(n + l)(n + 2) - 1, (42) 
' ' =1-1 ' ' 

=g{V) 2 =dimc Dcf(I?) 

which exactly matches the number of degrees of freedom, as given by ()35p . 

Note that we can use the reasoning presented in this section also for the situation discussed 
at the beginning of this section, in which a single D-brane is moved off the 0-plane. Although 
we used different 3-cycles in both cases, the results agree as expected. The two sets of cycles 
just give a different basis of the third homology group of the threefold. 

We can also give an inductive construction of 3-cycles in terms of (relative) 1-cycles as long 
as all D-branes are described by completely generic hypersurfaces. We start with the case in 
which the D-brane locus and the 0-plane locus coincide. These cycles were discussed at length 
in Section [3j New cycles appear when the first D-brane is moved away from the 0-plane, namely 
the cycles given in Section 14.1.11 We used in this analysis that the D-brane is given by a section 
in the normal bundle of the 0-plane. 

We can now independently move two D-branes off the 0-plane, both given by sections in the 
normal bundle of O. Additionally to the cycles for described in Section [2TH there are intersections 
between the two D-branes. Thus, the D-brane locus is a nodal Riemann surface T) with !£,£, 
nodes, where Idd denotes the number of intersection points of the two D-branes. By generic 
deformations of these singular intersection points, the D-branes recombine at these nodes as 
described in Section [2.H yielding a smooth Riemann surface T). Note that the genus g{T)) of T) 
is identical to the arithmetic genus p{'D) of V. For the arithmetic genus the following identity 
holds [51] 

k 

p(S) = 5 + l + ^(ffi-l), (43) 

8=1 

where S is the nodal Riemann surface with 5 nodes and k irreducible components which have 
the geometric genus g^, respectively. In our case of interest, Eq. (03]) reduces to 

g{V) = p{V) = 2g(Vo) + Idd - 1, (44) 
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where T>q denotes the single D-brane. Using Eq. (|40p we can immediately give an expression for 
the number of independent deformations of T>: 



dimcDef(P) = h'^{Nv)=g{V) + ^-l 
= 2g{Vo) + Idd - 2 + loDo 

= 2dimcBef{Vo)+ Idd. (45) 

Here IqDo denotes the intersection number between O and Vq and we used that Iqd = 2IoDo- 
The first term in the last line in Eq. ()45p are the degrees of freedom obtained by moving the 
D-branes Vq independently. The second part, namely IdDi gives the number of recombination 
parameters. Each intersection point gives exactly two cycles. In fact, these are locally the re- 
combination cycles obtained in Section 12.11 In the same way we can discuss the case of three 
D-branes moved off the 0-plane. 



5 D7-branes with obstructions 

5.1 D-brane obstructions 

In the weak coupling limit the D7-brane locus is not given by the zeros of a generic polynomial, 
but by the zeros of a polynomial of the form 

V : 7f + 12hx = . (46) 

We refer to D7-branes that are described by an equation of this form as generic allowed D7- 
branes. As has recently been discussed [32,39], this form forces the D7-brane to have double 
intersections with the 07-plane. From the perspective of F-theory this means that the D7-brane 
forms a parabola touching the 0-plane in the origin, see Figure [8l 

Let us try to understand this configuration from the double cover perspective. Consider two 
D-branes at x = ±z and the involution z —z, which fixes the 0-plane at z = 0. After modding 
out the involution, our space looks locally like the upper half plane. In order to make contact 
with the F-theory picture, we introduce a new coordinate z = z'^ and find that this situation is 
described by an 0-plane at i = and a D-brane at z = x"^. Note that a single D7-07 intersection 
in F-theory (which does not occur in the weak coupling limit), corresponds to a single D7-brane 
that is mapped onto itself by the orientifold projection. This configuration, where the D-brane 
sits e.g. at X = is allowed in the presence of a second D-brane that coincides with the 0-plane. 

In [32] it was observed that the difference between the degrees of freedom of a generic 
allowed D7-brane and the degrees of freedom of a generic hypersurface of the same degree is 
given by half the number of intersections between the D7-brane and the 07-plan^. We checked 
this explicitly only for base spaces CP^ and CP^ x CP^. Here we extend this analysis to all 
possible base spaces. We use the fact that a generic hypersurface Pgen that is linearly equivalent 
to 2mKB has 

dime Def(Pgcn) = m{2m + 1)Kb ■ Kb = m{2m + 1)Sb (47) 

^Here we of course count the topological intersections between two generic surfaces that are homologous to 
the D7-brane and tlie 07-plane. 
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Figure 8: A situation in which two D7-branes intersect an 07-plane in the same point produces 
a D7-brane touching the 0-plane after modding out the orientifold action and squaring the 
coordinate transverse to the 07-plane. 

deformations. To simplify equations we again use Sb as a shorthand for {—Kb) • {—Kb) = Sb- 
As in the last section we keep the 0-plane fixed so that the automorphism group of the base 
is completely broken. As the number of double intersections is given by 2mSB, the double 
intersections lead to 2mSB constraints, so that we expect the number of deformations encoded 
in Eq. ([SOD to be 

dime Def(D) = m{2m + 1)Sb - 2mSB = m{2m - 1)Sb ■ (48) 

The degrees of freedom in the expression ()30p are given by the number of monomials in 
rj and Xi minus an overall rescaling and the redundancy that corresponds to shifting r/ by /la, 
a being a polynomial of appropriate degree. To compute the number of monomials, we note 
that we can take the polynomials ry, x aiid to define hypersurfaces on their own and compute 
the number of their deformations using Eq. ()47p . The number of monomials is then given by 
the number of deformation plus one. For a D7-brane that is equivalent to —2mKB, r], x and a 
are sections of [— mK^], [—{2m — 2) Kb] and [— (m — 2)Kb], respectively. Thus the degrees of 
freedom in Eq. (jSOp are given in this case by 

dime Def(P) = im(m + 1)Sb + 1 + (m - l)(2m - 1)Sb + 1 - {^{m - 2){m - 1)Sb + l) -1 

^ V ' ' V ' ^ ^ ' 

M(J7) M(x) M(a) 

= m{2m — 1)Sb , 

(49) 

which coincides with ()48p . 

For a generic hypersurface Pgen one can actually show that in the double cover its defor- 
mation space is isomorphic to H^'^\'D'^^^), where 'D'^^n the corresponding preimage of Pgen 
in the double cover [50]: 

h^-'\'^'sen) = 5(I?gcn) + ^^^^07 " 1 

= m{2m - 1)Sb + 1 + 2mSB - 1 (50) 
= m{2m + 1)Sb , 

where the first of the above equalities follows from the Riemann-Hurwitz theorem [44] . We want 
to stress that the above statement is not true any more for a generic allowed brane V and 
its double cover T>'. More precisely, we see from (|49p that the number of degrees of freedom 
is exactly g{'D) — 1. A comparison with the computation in ()50p suggests that the cycles in 
H^^''^\V') which are related to the double intersections do not give rise to deformations of P. 
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Let us now perform an analogous computation for the generic allowed brane T> and its double 
cover T>' to confirm this observation. As we already discussed in Figure [8] and below (|46p . T>' is 
a smooth brane apart from its self-intersections (which occur at every intersection point with 
the 0-plane). Removing these singular points from I?', we obtain a smooth Riemann surface 
with punctures on which the Z2 orbifold projection acts freely. Subsequently, we compactify this 
punctured Riemann surface in the obvious way, by adding one point per puncture. The result is 
a smooth compact Riemann surface with free Z2 action, which we continue to call T>' by abuse 
of notation. While this smooth Riemann surface is not realized as a submanifold of the double- 
cover Calabi-Yau, its Z2 projection T) is still our familiar generically allowed D-brane given as a 
submanifold of the base B. By standard arguments [50], its allowed deformations correspond to 
Z2-odd sections of the canonical bundle Kx>i of V , which is understood as a smooth Riemann 
surface as explained above. Thus, repeating the calculation of ()50p . the number of deformations 
is given by 

^(1,0) = g(v) - 1 = m{2m - 1)Sb , (51) 

where we have again used the Riemann-Hurwitz theorem, but now for a freely acting involution. 
This agrees with our previous results. The advantage of this new derivation is that we are now 
able to specify which bundle over D encodes these deformations. Indeed, while the even sections 
of Kx>' correspond to sections of Kx>, the odd sections of Kx>' can be understood as sections of 
a 'twisted' canonical bundle Kx> over V. The latter is is defined as the Z2 projection of Kx)', 
where the Z2 action on V' is supplemented by a '—1' action on the fibre. Locally, in a small 
neighbourhood of an intersection point with the 0-plane, this is still the canonical bundle of P, 
in agreement with the discussion of [10,11,52]. 



5.2 Recombination for double intersection points 

Now we want to understand the number of 3-cycles from the threefold perspective and explain 
why the number of 3-cycles is reduced by / when compared with our results in Section 01 As 
mentioned above, we need to understand the winding numbers of the D-brane 1-cycles relative 
to the 0-plane. First we discuss this locally for a single 1-cycle and then in Section 15.31 analyze 
the global situation. 

Let us again consider the recombination of two intersecting D-branes, cf. Section 12. H but 
now in the presence of the 0-plane at the intersection point. Furthermore, we assume that we 
have already moved the fourth D-brane off the 0-plane such that we describe the D-branes by 
Eq. ()30p . If we set in the local model 

h = z , 

rj = x, (52) 

X = J2iz - ^) > 

we have the situation of an 0-plane at z = and a D-brane given at 

x2 = z{z - 6) . (53) 

For 6 = 0, it parameterizes the situation of two D-branes at x it z = and an 0-plane at z = 0, 
all of them intersecting at the origin, as shown in the left picture in Figure [9l If we now give 5 a 
non-zero value, we get to the recombined situation to the right in Figure [9l Here the diameter of 
the throat connecting the two D-branes is given by 6. After recombination, the 0-plane touches 
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Figure 9: Recombination of the two D-branes at the common intersection point with the 0-plane 
leads to a double intersection point of the recombined D-brane with the 0-plane. 



Figure 10: After recombination, the 0-plane has a double intersection point with the recombined 
D-brane. 
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Figure 11: Recombination at a double intersection point blows up the branch cut between the 
two branch points. One of the branch points is the point where the 0-plane meets the recombined 
D-brane (illustrated by the black dot). The loop around the branch cut illustrates the non-trivial 
1-cycle encircling the throat. 

the D-brane tangentially at x = z = 0, see Fig. [TOl With help of Eq. ([53]) . we can picture the 
D-brane as the z-plane with a branch cut between the two branch points at z = and z = 5, 
as shown in Figure [TTl The intersection with the 0-plane is also given by z = 0, and therefore, 
the D-brane 1-cycle encircles the 0-plane intersection exactly once. However, since the 0-plane 
is just a plane parameterized by z = 0, any loop on the D-brane world-volume encircling z = 
encircles, when understood as a curve in B, the 0-plane exactly once, too. Thus, the D-brane 
1-cycle has a winding number of one relative to the 0-plane. 

Since the D-brane 1-cycle wraps the 0-plane exactly once, we cannot build a 3-cycle out 
of it as done in Section 12.11 Because of the involution of the 0-plane the fibre would simply be 
ill-defined. From the double cover perspective, it is clear that the 3-cycle construction fails for 
a D-brane 1-cycle with an odd wrapping number: In the double cover, the lift of this 1-cycle is 
not closed and does not define a D-brane 1-cycle in the double cover. 

5.3 Threefold cycles, obstructions and the intersection matrix 

In this section we outline how threefold three-cycles arise from the topology of a generic allowed 
D-brane, analogously to Section 14.11 We do not provide a rigorous proof but rather sketch the 
construction of threefold 3-cycles from the 1-cycles of a generic allowed D-brane in the presence 
of a 'naked' 0-plane. 

In this section we want to discuss the threefold 3-cycles in the case of a generic allowed 
D-brane and a 'naked' 0-plane. Using ()40p we can express the number of degrees of freedom of 
a generic allowed brane in terms of its genus: 

dime Def(P) = m(2m - 1)5^ - 1 = g{V) - 1. (54) 

We thus expect that we can construct 2g — 2 3-cycles. All intersections of the D-brane with the 
0-plane are double intersections, which makes it impossible to construct cycles in the spirit of 
Section UTLJI However, we still can build 3-cycles related to the D-brane 1-cycles, as we explain 
now. For this, we first choose a symplectic basis for the 1-cycles of the D-brane and then discuss 
how the basis 1-cycles lead to 3-cycles in the threefold, depending on the wrapping number of 
these 1-cycles with respect to the 0-plane. We illustrate the curves on the D-brane that lead 
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Figure 12: Here we see the various curves on the D-hrane which lead to 3-cycles of the threefold. 
The curves C and D give rise to 3-cycles in the usual way, as explained in Section [2.1l The curves 
Al and A2 have an even wrapping number and therefore also lead to non-trivial 3-cycles. The 
dual cycles are constructed from the curves CI, C2 and C3 and are linearly equivalent to the 
3-cycles over Bl and B2, which are non-trivial due to the 0-plane monodromy. 



to 3-cycles in Fig. [T2j Note that Fig. | 
topology of B and of the 0-plane. 



I represents a local picture of the D-brane, ignoring the 



Consider a symplectic pair of D-brane 1-cycles. First assume that both 1-cycles have zero 
wrapping number with respect to the 0-plane. If this occurs, we can construct a 3-cycle over 
each of them as explained in Section 12.11 giving a symplectic pair of 3-cycles which has no 
intersection with any of the other 3-cycles. An example of such a symplectic pair is given by C 
and D in Fig. \Ui 

Next consider a symplectic pair of 1-cycles where one of the 1-cycles has wrapping number 
one while the paired cycle has still wrapping number zero. An example of such a pair is given 
by CI and Dl in Fig. \T2\ where Dl has wrapping number one and CI has wrapping number 
zero. If we try to use the same technique as in Section 12.11 and fibre the usual 1-cycle over a 
disc ending on Dl, we cannot close this 3-cycle since the monodromy of the 0-plane inverts 
the orientation of the fibre 1-cycle. One might have the idea to use a loop corresponding to 
2D1, which surrounds the 0-plane twice. Since the orientation of the fibre 1-cycle is inverted 
twice, the corresponding 3-cycle is closed. However, this 3-cycle must be trivial since it is by 
construction symmetric under orientation reversal, i.e. the 3-cycle is equivalent to minus itself. 

This result has several consequences. First of all, we see that if we have a symplectic pair 
of 1-cycles where both have an even wrapping number, we can always add 2D1 such that the 
wrapping numbers are zero and apply the construction method of Section [2TT] to find two 3-cycles. 
This should be seen in contrast to Section [H where one had to restrict to the D-brane 1-cycles 
that have zero wrapping number and thereby reduced the number of appropriate 1-cycles by one. 
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Secondly, the construction of 3-cycles from cycles with odd wrapping number must be modified. 
Note that if both 1-cycles of a symplectic pair have an odd wrapping number, we can replace one 
of them by the sum of both, leading to a symplectic pair of 1-cycles where only one wrapping 
number is odd. Thus, the remaining case is that exactly one of the two D-brane 1-cycles has an 
odd wrapping numberU 

As discussed above, over a D-brane 1-cycle with odd wrapping number no 3-cycle can be 
defined due to the involution that is part of the 0-plane monodromy. However, we can use the 
sum of two such 1-cycles which is represented by a curve encircling two of the double intersection 
points with the 0-plane. Examples of such curves are denoted in Fig. [12] by Al = Dl — D2 and 
A2 = D2 — D3. Note that since 3-cycles constructed out 2D1, 2D2 oder 2D3 are trivial, the third 
combination Dl -|- D3 does not lead to any independent 3-cycle but to the one constructed out 
of Al + A2. Thus, this construction gives us one 3-cycle less than there are D-brane 1-cycles 
with odd wrapping number. 

Now we turn to the 1-cycles that are dual to those with odd wrapping number, represented 
by CI, C2 and C3 in Fig. [T2i Since these 1-cycles have even wrapping number we can construct 
3-cycles Cj out of them. However, there is a linear dependence between them, as we show now. 
Consider the curves Bl and B2 in Fig. [T2j They both lead to non-trivial 3-cycles Bi due to 
the intersection points of the D-brane with the 0-plane. Since the involution of the 0-plane 
inverts the orientation of the fibre 1-cycles, the 3-cycle C* comes back to minus itself when once 
"encircling" the 0-plane. More precisely, if we denote the corresponding 3-cycles by Cj and Bi, 
due to the monodromy of the 0-plane there is 

2Ci = Bl , 2C2 = B2-Bi , 2C3 = -B2 , (55) 

leading to 

2Ci + 2C2 2C3 = . (56) 
On a general D-brane, the linear dependence analogously reads 

1/2 

2j^Q = 0, (57) 
i=l 

where the sum runs over all 3-cycles Ci which are coming from D-brane 1-cycles dual to those 
with odd wrapping number. Thus, we find that the total number of 3-cycles coming from the 
D-brane sector is two less than the number of 1-cycles of the D-brane, leading to 2g{T>) — 2 = 
x(T^) = 565*5 3-cycles. This coincides with the result we achieved in Section [5.11 

Let us now discuss the intersection matrix of the 3-cycles discussed here. As already stated 
above, the intersection matrix of the 3-cycles that come from 1-cycles with even wrapping number 
is the standart symplectic one. For the 3-cycles which are constructed out of curves of type A 
and B, the corresponding 3-cycles Ai and ^Bj = "^l^i Ci also form a symplectic basis E Thus, 
we find the symplectic basis for the 3-cycles of the threefold that come from the D-brane sector. 

*The number of such symplectic pairs is actually 85s, as we explain now. If we consider Eq. (|30|l with 
X = j^ha^, this corresponds to two D-branes at 77 ± ha which then can be recombined at each of the 85b 
intersection points. With the result of Section 15.21 we conclude that there are 85b D-brane 1-cycles with odd 
wrapping number. These 1-cycles correspond to the 1/2 = 85b double intersections of the D-brane with the 
0-plane. 

^Note that the Ai do not intersect each other due to the monodromy of the 0-plane. 
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6 Conclusions and outlook 



We have discussed a parameterization of type IIB orientifold and brane moduli in terms of the 
complex structure moduli space of the corresponding elliptically fibred Calabi-Yau threefold. 
We succeeded to identify the 3-cycles of the Calabi-Yau threefold and showed they match the 
number of open string moduli. We were able to apply our analysis also in the case in which the 
D-brane is forced to have double intersections with the 0-plane. 

A similar analysis was done in a previous paper [32] in the case of F-Theory compactifications 
on iCS-sur faces, which correspond to orientifold models on CP^ in the weak coupling limit. In the 
present work we made a first step towards compactifications of higher dimensions. The result that 
we have complete control over the brane moduli space in terms of the complex structure moduli 
of F-theory even in this more complicated geometrical setting, feeds on hope that this will also 
be possible in the case of realistic compactifications down to four dimensions. Progress in this 
direction would yield an important tool for realistic model building, in particular regarding flux 
stabilization of configurations with different gauge symmetries in the spirit of [53]. Proceeding 
this way, one will encounter the problem that there is no classification of spaces that have a 
double cover Calabi-Yau space, since the Calabi-Yau condition in three dimensions does not 
single out exactly one space. On the other hand, Fano threefolds, which qualify as base spaces 
of elliptic fourfolds, have been classified, see e.g. [54]. Additionally, one will have to explain the 
status of 'Whitney umbrella'-like intersections [39] in the context of fourfolds. 
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A Rational surfaces 

We know from the classification of Nikulin, reviewed in Appendix |Bl that rational surfaces 
naturally appear as base spaces for K3 orientifolds in type IIB. Rational surfaces can be obtained 
by blowing up CP^ or Hirzebruch surfaces F„ and play an important role in our considerations 
Their main properties are summarized in this appendix. In Appendix lA.il we briefly discuss del 
Pezzo surfaces, which are (except CP^ X CP^) blow-ups of CP^. in Appendix [Aj we then give 
a short review on Hirzebruch surfaces. 

i0(j-.p2 themselves are called minimal rational surfaces. A surface is called minimal if it does not contain 

a curve with self-intersection (—1). If a surface actually does contain such curves, these curves can be blown down 
in order to obtain a minimal surface. 
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• •• ••• ••• 

dPi = Fi dP2 dP3 

Figure 13: The toric diagrams of del Pezzo surfaces dPn with n = 1, 2, 3 
A.l Del Pezzo surfaces 

A complex two dimensional manifold Y is called a del Pezzo surface if the anticanonical bundle 
is positive definite, i.e. it has positive intersection number with every curve in Y. 

There are ten topologically different del Pezzo surfaces. Nine of them are blow-ups of CP^ 
at n = 0, 8 points. These surfaces are denoted by dPn- Additionally, there is Fq = CP^ x CP^ 
which is also a Hirzebruch surface. Del Pezzo surfaces are completely classified by their Euler 
characteristic, except for the case x = 4, where there are the two del Pezzo surfaces dPi and 
CP^ X CP^ [55]. Note that for n < 3, dPn is a toric variety. Their toric diagrams are given 
in Figure [T3] and [T^l For the remainder of this appendix, we focus on the del Pezzo surfaces 
dPn- The surface Fq = CP^ x CP^ is discussed together with the other Hirzebruch surfaces in 
Appendix IA.2[ 

The hyperplane divisor H of CP^ has self-intersection = 1. Each blow-up introduces 
one further exceptional divisor Ei. Thus, the dimension of the middle homology of a del Pezzo 
surface dPn is given by 

dim H2{dPn,Z) =n + l . (58) 

It is a well-known fact that exceptional divisors at smooth points of a surface have self- 
intersection number E^- Ej = —5ij. Furthermore, a hypersurface in CP^ generically does not 
meet the blown-up points. As a result, the hyperplane divisor H does not intersect exceptional 
divisors, H- Ei = 0. Therefore, we find the following intersection pattern of del Pezzo surface 

dPn-. 

H-H = 1 , Ei-H = , Ei-Ej = -6ij , (59) 

with i = 1, ...,n. 

We can obtain the canonical divisor K^p^ of a del Pezzo surface if we take the blown-up 
cycles into account. It is well-known that the canonical line bundle of a manifold Y blown up at 
a smooth point is given by [Ky] = a*[KY] (X" [(diniY — 1)£^] where a :Y ^ Y is the blow-up and 
[E] denotes the line bundle corresponding to the exceptional divisor E [55]. Iteratively blowing 
up the exceptional divisors, we find 

n 

[KdpJ=a:iKcp2]®(^[Ei] , 

i=l 
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Fo Fi = dPi F2 

Figure 14: The toric diagrams of Hirzebruch surfaces in the case of n = 0,1,2 



where (T„ : dPn —>■ CP^ is the blow-up at n points. For the corresponding divisors this reads 

n 

KdP^ = -3H + J2Ei . 

i=l 

Here we used a*^[KQp2] = [—3H]. 
A. 2 Hirzebruch surfaces 

Now we turn to Hirzebruch surfaces F„. They are CP^ fibrations over CP^. All of them are 
toric varieties, and we display the fans of the first three Hirzebruch surfaces in Figure In 
general, the fan of the n-th Hirzebruch surface F^ is given by the cones corresponding to the 
vectors [51] 




with n G N. Thus the C*-actions are 

: (^1, 2^2, Z3, Z4) {Xzi, XZ2, X"-Z3, Z4) , 
C* : izi,Z2,Z3,Z4,) {zi,Z2,fJ.Z3,^Zi) , 

and the exceptional set is 

Zf„ = {{zi,Z2,Z3,Z4) e C^\{zi,Z2) = or {z3,Z4) = 0} . (60) 

Let us now turn to the toric divisors of Hirzebruch surfaces. The linear equivalences between 
the toric divisors Tj with i = 1, 4 of F„ are given by 

Ti = T2 and T3 = nTi + T4 . (61) 

and the middle homology group of Hirzebruch surfaces H2(Fn) is generated by two 2-cycles 
satisfying 

= , Tin = 1 , Ti = -n. (62) 
One can calculate the first Chern class 

4 

ci (F„) = T, = (2 + n)Ti + 2T^ , (63) 

i=l 
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and the Euler characteristic 



x(Fn) = / C2{Fn) = ^TiTj = 4 . (64) 

i<j 

Note that the first Chern class is positive definite if n = 0, 1. This means that Fq and Fi are 
also del Pezzo surfaces. Indeed, we already discussed this issue in the previous subsection. In 
the case of n = 2, the first Chern class is positive semi-definite. 

Next, we turn to the investigation of curves in Hirzebruch surfaces. Let Ti. be such a curve 
of degree {a,b), i.e. given by the zero locus of a polynomial p that is homogeneous of degree 
a with respect to and homogeneous of degree b w.r.t. C* . Then H. is linearly equivalent to 
aTi + 6T4. Thus we find 

ci{n) = ci(F„) -n = {2 + n-a)Ti + {2- h)Ti . (65) 

Using the intersection numbers (|62p . the Euler characteristic of Tl then turns out to be 

Xin) = [2{l-a)-n{l-b)]b + 2a . (66) 

Hence the genus of H is 



X 



n 



gia,b) = l-^ = l + b (a-l) + -(l-6) -a. (67) 



2 



We can apply this result to the case of an 0-plane Tt in F^. In the weak coupling limit of 
F-Theory on F„,, it is described by a curve of degree (2n + 4, 4) [36]. Plugging this into the above 
equation we obtain g(2n+4,4) = 9i independent of n. We use this result in Table [T] in Section [31 



B Classification of non-symplectic involutions of K3 surfaces 

Here we give a short review on the classification of K3 surfaces X equipped with a non-symplectic 
involution t : X — > X, obtained by Nikulin in [33-35]. 

Such pairs {X,l) are classified in terms of a characteristic triplet {r,a,6), where r and a 
are non-negative integers and 5 is zero or one. We explain now how these numbers are defined. 
For that, we define Sx to be the Picard lattice of X and S to be the sublattice spanned by 
(1, l)-forms that are even under the pullback l*: 

S:={^ujeH^'^'^\X)\L*uj = uj^ . (68) 

The numbers in the characteristic triplet can be obtained from the structure of S. The first 
is r := rank S. Furthermore, for each lattice there exists a dual lattice S* = Hom(S', Z). Each 
element a of S* can be represented by an element c of S (8> M by identifying a(-) = (c, •), where 
(•,•) denotes the scalar product on S. Since {S,S) C Z it is obvious that S C 5*. Indeed, it 
can be shown that S* /S = (^2)'^ for an integer a which is the second entry of the characteristic 
triplet. The third entry 6 is defined as follows: Identify every linear form (x, •) £ S* with the 
corresponding element x G 5 (8) M and determine {x,x). If for all such linear forms there is 
{x, x) G Z, then 5 = 0. Otherwise, we set 6 = 1. These three numbers (r, a, 6) determine the pair 
{X, l) is up to isomorphisms. 
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There is only a limited set of surfaces Y that arise from K3 surfaces X by modding out a 
non-symplectic involution l : X ^ X. The surface Y is either an Enriques surface (which is the 
only case with no fixed point locus), or a rational surface, cf. Appendix [Al Such manifolds Y 
naturally admit a K3 double cover. It was shown by Nikulin that these surfaces correspond to 
so-called non-singular DPN-pairs {Y,C). By definition, K is a non-singular projective algebraic 
surface with b^(Y) = and C is a non-singular effective divisor C = —2Ky in 

yE 

In this 

correspondence, C denotes the fixed point locus X'' of l m X . In orientifold models, C is the 
position of the 0-plane. 

An important result of Nikulin is that the numbers (r, a, 5) immediately give certain prop- 
erties of the fixed point locus C = X''. If the characteristic triplet is not (10, 10,0) or (10,8,0), 
the 0-plane curve C is of the form 

k 

C = Cg + ^E,, (69) 
1=1 

where Cg is a curve of genus g and the Ei are rational curves, that is, of genus 0. The quantities 
g and k can be expressed in terms of the characteristic triplet: 

g = i(22 -r-a) , 

It is an important fact that Cg and all Ei do not intersect each other. 

An application for the above discussion is given in Appendix [Dl where we analyze the case 
Y = F4. It is known [56] that the characteristic triplet is (2, 0, 0) in this case. Thus the 0-plane 
is the disjoint union of a curve of genus 10 and a single rational curve. 



C The Lie algebra of automorphisms for toric varieties 

When talking about possible deformations of a hypersurface H embedded in a complex man- 
ifold Y, we always encounter the question which deformations can be undone by applying an 
automorphism of the embedding space Y. An easy example can be given by the complex line in 
Y = CP^, that is, let H be given by the zero locus of a homogeneous polynomial of degree one. 
Fixing the overall scale factor by setting one coefficient equal to one, H reads 

H : zi + az2 + Pz3 = . (71) 

Naively one might think that the moduli space of H is two-dimensional due to the two coefficients 
a and f3. However, this is not the case as the topology of C-P^ stays unchanged if an element of 
the automorphism group PGl{3, C) is applied on the homogeneous coordinates. In other words, 
we can use automorphisms of the embedding space to set coefficients to zero, i.e. these coefficients 
do not represent degrees of freedom. The Lie algebra of PGl{3,C) is eight-dimensional. Thus, 
the moduli space of the complex line is zero-dimensional and H is unique in C-P^. 

It can be difficult to determine the automorphism group for more complicated manifolds. 
However, for toric varieties Demazure analyzed the automorphism group in detail and deter- 
mined the dimension of its algebra [57]. In this appendix we explain how to determine the 

^'^The definition may be extended to singular effective divisors C. See [56] for a treatment of such cases. 
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the fan of CP^ 



the same fan with its root system 



Figure 15: The toric diagram and root system of CP^ 

dimension of the Lie algebra of automorphisms, dimautr, in the case of a general toric variety 
T. 

Given the fan S of T, we denote the set of j-dimensional cones in S by For any one- 

dimensional cone p G 5](1) there is a primitive vector n{p) generating p. A primitive vector to 
a cone p € S(l) is the lattice vector n{p) that spans p such that there is no other lattice vector 
m 7^ n{p) for which n = am with a € N. Mapping any cone p G to its primitive vector n{p) 
defines an embedding of into a lattice N. Similarly, the complete fan S can be embedded 
into N. We denote the dual lattice of by M and the natural Cartesian scalar product on M^N 
by (•,•). Furthermore, we introduce the root system R{N, T,) of a toric variety. Abstractly, this 
is defined as the set of all elements a of the dual lattice M for which exactly one cone pa S ^(1) 
with {a,n{pa)) = 1 exists and {a,n{p)) < holds for all other cones p € 5](1) [58]. This can 
be nicely illustrated for toric varieties of complex dimension two. For example, take the fan of 
CP^ as given in the left diagram of Figure [T5l The corresponding root system is given by the 
six vectors drawn in the right diagram of Figure [TSl 

Now the theorem due to Demazure [57] states that for a compact, non-singular toric variety 
the dimension of the automorphism algebra is given by 

dim autT = rank N + #R{N, S) , (72) 

where i^R{N, S) is the number of elements of the root system R{N, S). Applying this theorem 
to the case of compact non-singular complex surfaces, we can use that its toric fan can be 
embedded into a two-dimensional lattice N. Therefore we have rank = 2 so that we obtain 

dimautr = 2 + #R{N, S) . (73) 

Thus we can deduce the dimension of the automorphism algebra by finding the number of roots. 
In the case of CP^ we obtain six root vectors and hence 

dim autcp2 =2 + 6 = 8, (74) 

which is in agreement with the fact that the automorphism group of CP^ is PGls{C). However, 
(|73|) holds in general and thus can be applied to any other complex surface. In particular, for 
Hirzebruch surfaces it yields 

1- , r 6 for n = , 

dimautp,, = s ^ r ^ 75) 

" I 5 + n forn > . ^ ^ 

We use these results in Table [1] in Section [3] when we count the degrees of freedom for deforma- 
tions in the F-theory model. 
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D An example: The weak coupling limit for base space F4 



We have seen in Section [5] that the suggested counting of F-theory 3-cycles holds in the case 
of smooth Calabi-Yau threefolds. In this appendix, we want to discuss the weak couphng hmit 
of F-theory over a base F4. This surface is rational and has a non-singular effective divisor 
C = —2K-p^. Thus it can be obtained as the quotient space of a K2> surface X, where the 
quotient map is a non-symplectic involution (see Appendix [B] for a short review on the theory 
of such surfaces). However, the elliptically fibred Calabi-Yau threefold is singular. 

Let us start with the F-theory perspective. We recall the Weierstrass equation 

y^ = x^ + fx + g, (76) 

where / and g are sections of L®^ and L®^, respectively. Here L is a line bundle defined by the 
Calabi-Yau condition ci(L) = ci(F4). As discussed in Appendix lA] the first Chern class is given 

by 

ci(F4) = 6Ti + 2r4 , (77) 

and therefore we find 

L = [Tif^ [T4]®2 . (78) 

This means that / and g are polynomials of degree (24, 8) and (30, 12). We can write the general 
form of / and g: 

(6 24-4o \ 
y: e i^«/.-f-r'"-'44-" 4 , (79) 
a=0 (3=0 ) 

7 30-4a \ 

E E G„,zf.f-^"-^Z3"4-" -4. (80) 

^a=0 (3=0 / 

It was observed in [37] that this elliptically fibred Calabi-Yau threefold has generically a D4 sin- 
gularity. By Bertini's Theorem [44], this singularity is located at the base locus of the threefold, 
which is X = y = Z4 = 0. Note that the base locus describes a hyperplane in the base F4 given 
by Z4 = 0. Therefore we expect a brane at T4 that carries an 50(8) gauge group. With this in 
mind we now turn to the weak coupling limit. 

In the weak coupling limit, the 0-plane O is described by the zero locus of a polynomial h 
of degree (12,4). Its general form is 

3 12-4a \ 

E E ^.^^f-2^^-'"-''-3 -4 . (81) 

^a=0 (3=0 J 

Note that O is reducible. In particular, we find = 0' + T4. This means that one 0-plane splits 
from O and coincide with T4. Doing the same analysis with the D-brane V which is given by the 
zero-locus of 77^ -|- 12hx we obtain that P is reducible as well. In particular, we find T> = V + 4T4. 
We see that one 0-plane and four D-branes coincide with T4 producing an 50(8) gauge group 
on T4 in agreement with the results obtained in the F-theory picture. 

By Nikulin's classification [35] we know that F4 has the characteristic triplet (2, 0, 0) and 
by the results in Appendix |B] this means that the fixed point locus, i.e. the 0-plane, is of the 
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form 

= Cio + Ei, (82) 

where Cio is a curve of genus 10 and Ei is a rational curve. This fits with our results above by 
identifying O' = Cio and T4, = Ei. Note that O is non-singular meaning that Cio and Ei do not 
intersect. 

As we have seen, although the Calabi-Yau threefold is singular, F-theory on F4 has a weak 
coupling limit. For B = F„ with n > 4 the corresponding elliptically fibred Calabi-Yau threefold 
has singularities of E-type, which cannot appear in an orientifold model in perturbative type 
IIB . Indeed, F„,>5 do not have a K2> double cover and thus there cannot exist a dual type 
IIB orientifold model. The base i? = F3 generically has an ^3-singularity, which might be 
obtained in the perturbative type IIB orientifold model. However, F3 apparently does not admit 
a K2> double cover since the O hypersurface one obtains in the weak coupling limit is always 
singular [35]. 



E D-brane Deformations and Variations of the Intersection Di- 
visor 

In this appendix, we analyze how the degrees of freedom of D-branes are distributed between 
cycles that change the location of intersection points with the 0-plane and those that do not. 
Our main tool is Abel's Theorem [44]. We concentrate on the case where at least one D-brane 
coincides with the 0-plane. This allows us to ignore additional constraints coming from the 
double intersection property of generic allowed D-branes. 

The D-brane is described by a section of the line bundle [—2nKB\ in the base space. This 
bundle restricts to a bundle [L] = [—InKsWo on 0-plane. The sections of the bundle [L] 
determine the intersections between the D-brane and the 0-plane. 

Knowing this, we take the following point of view. We treat the 0-plane as a Riemannian 
surface O of genus g{0) marked with / points. These points are the intersection points Pa with 
the D-brane. They are given by the vanishing locus of a section of [L\. In other words, the set 
of points marking O is the divisor L associated to [L]. In this picture, varying the intersections 
points corresponds to varying the section in [L\. This means that the corresponding divisor L 
can only change to a linearly equivalent divisor L\ that is L' = L + 5L, where 6L is a divisor of 
a meromorphic function. Writing L = Pa and L' = J2a yields 

6L = Y,iPL-Pa). (83) 



By Abel's Theorem we know that 

J{SL) = J] 



mod A. (84) 



Here JT" is the Abel-Jacobi map, {uJi \ i = 1, ...,5} is a basis of holomorphic 1-forms on O and A 
is the period lattice. Fixing the divisor L allows us to consider J' as a map O ^ O. In following 
we want to consider infinitesimal variations of the intersection locus, that is, P' = Pa + ^Pa- In 
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this case, it is sufficient to consider a neighborhood isomorphic to C around each point Pa in L 
and then 



J -.a ^ a. 

We now can determine the differential of the Abel-Jacobi map J^, which is El 



DJ{L) 



dP' 



V dPi 



Pi 



Pi 



dpl 



\ 



Pi 



Pi 



This is just the Taylor expansion of eq. 

J{SL) = DJ{L) 



for infinitesimal variations: 
/ 5pi 



(85) 



(86) 



(87) 



By the constraint (j86p we find that all allowed variations are in the kernel of DJ'{L). Thus the 
number of degrees of freedom encoded in varying the intersection points is dime kei DJ'{L). By 
using Riemann-Roch it is not difficult to show that DJ'{L) has full rank, if deg L = I > deg Kq- 
If this is the case, for genus g{0) > 2, the dimension of the kernel is just 



dime ker L>J(L) = I - g{0). 



It is interesting to note the implications of this constraint for special cases. First, let us 
consider the case of three D-branes coinciding with the 0-plane. Then the line bundle [L] is 
the normal bundle of the 0-plane No\b, as expected by geometric intuition. In Eq. (jlip . we 
found that degA'^o^^ = 4:g{0) — 4 so Eq. ([88]) is valid. In particular, we find that there are 
I — g{0) = 3g{0) — 4 degrees of freedom that vary the intersection points. Recall that a single 
D-brane is a Riemannian surface with 3^(0) — 3 complex deformation degrees of freedom. Thus, 
fixing all intersections, we are left with just one complex degree of freedom that deforms the 
D-brane. 

Let us illustrate this in the case of B = CP^. The 0-plane as well as the D-brane is described 
by a polynomial of degree 6, denoted by h and d. respectively. Suppose that the overall rescaling 
is fixed in d. In this case we may write 

d = ah + da, (89) 

where a £ C and d is chosen such that the equality in eq. (|89p holds. On the 0-plane we have 
h = and thus the intersection divisor is independent of a. This is exactly the complex degree 
of freedom that deforms the D-brane but leave the intersection divisor unchanged. 



^^Here we use the notation of [44]. Let uji be a holomorphic 1-form of O. Then write in local coordinates 
Ui = fi{z)dz. In local coordinates the differential of the path integral is 



In this sense, we write = f{Pj) 



P. 
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In chapter [5] we encountered situations, in which the D-brane locus has 10g{O) — 10 
complex degrees of freedom. This is the case of two recombined D-branes. Then we find 
/ = {-4Kb) ■ {-2Kb) = 8g{0) - 8, so that 

dime ker DJ{D) = 1- g{0) = 7g{0) - 8. (90) 

This is the number of degrees of freedom that will change the intersection locus and hence 
3g{0) — 2 degrees of freedom will leave it invariant. Again, this may be checked nicely in the 
case of B = CP^. The recombined D-brane is determined by a polynomial d of degree 12. 
Suppose the overall rescaling is fixed, then we write 

d = hdQ + d. (91) 

The polynomial is of degree 6. As before, on the 0-plane h = and thus dg has no influence 
on the intersection locus. It has 7-8/2 = 28 complex coefficients and therefore the same number 
of complex degrees of freedom. Since on CP^ we have g{0) = 10, this fits exactly with the 
number of 3 • 10 — 2 = 28 complex degrees of freedom obtained by Abel's Theorem. 

The same considerations apply in the case of i? = Fq. Recall, that in this case /i is a 
polynomial of degree (4,4) and and d is of degree (8,8). Additionally, we have g = 9 yielding 
by Abel's Theorem 25 complex degrees of freedom that leave the intersections invariant. This is 
precisely the number of coefficients of a polynomial of degree (4,4). 
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